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Abstract

There exist many works on full Kostant-Toda flows whose initial points belong to a grand cell of the flag variety. In this paper
we study the full Kostant—Toda flows whose initial points belong to small cells other than the grand cell and preserving small cells.
To obtain such flows, we consider the cell decomposition of the grand cell induced by Bruhat decomposition of the flag variety. We
show that such full Kostant-Toda flow can be reduced to the ordinary tridiagonal Toda flow by using sheaf theoretical methods.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The Lax operator of the full Kostant—Toda lattice is the Hessenberg matrix of the form

Lty=A+ Y Lij(OE:. (1.1)

l<j<izn
where E; ; is the i, j matrix unit and A = Z'};} E; j+1, which satisfies the equation

L(t) = [L(t)4, L(D)]. (1.2)

We consider the reduction of the full Kostant-Toda lattice to the ordinary Toda lattice. We know that the full
Kostant-Toda lattice is itself integrable by virtue of many works: [3,5,8,11] etc. Let G be GL(n,C). Let B C G
be the Borel subgroup of upper triangular matrices and N C B be the subgroup whose diagonal components are all
1. Moreover B and N are opposites of B and N respectively. Let b, n, b and @1 be Lie algebras of B, N, B and N
respectively. To obtain the solution of the Lax equation, we consider the Gauss decomposition

Weo ()" Wo (1) = 'L, (1.3)
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where W (1) € N, Wo(7) € B and L is the constant matrix of the form A + b. Put L(t) = Weo(t)LWso(7)~!. Then
L(t) satisfies (1.2) and has the form A + b. It is natural to regard e’" of (1.3) as a point of the flag variety of G/B
rather than an element of G. As we know, the flag variety G/B has the Bruhat decomposition [1]

G/B = Uyes, NoB/B, (1.4)

where S, is the n-th symmetric group. We see that ¢’" belongs to the ¢-cell NB/B from the Gauss decomposition
(1.3). Then it is natural to consider what equation would be induced if e’ belonged to the o-cell No B/B. In other
words, we want to know the equation which L(f) = Wuo(t)LWso (1)~ satisfies, where Woo(t) € N satisfies the
Bruhat decomposition

Woo (1) Lo Wy (1) = 'L (1.5)

In [7], the authors efficiently explain the Painlevé analysis (or blow-ups of solutions) of the Toda lattice (cf. [4,6]) via
the topology of the iso-level set of the Toda lattice (flag variety; cf. [2,15,17]). If e/~ leaves the ¢-cell for another cell
att = 19, L(t) = Wao(t) LWso (1)~ has a pole at 1 = 1, where W () satisfies the Gauss decomposition

Woo )" 'Wo(t) = 'L, (te(tog—e to+e)—{tp) for0 < e << 1).

They determine the cells from which e’ leaves for the singularity of the Toda lattice at t = #,. In this paper we focus
on the Toda flows whose initial points belong to the o (#¢) cell of the flag variety and preserving the o-cell. We
realize such flows by using Gauss decompositions equivalent to (1.5). Furthermore we exhibit a simple example in the
Appendix which explains that the flows start with the initial point of a small cell and the reason why the flows with
the initial point of the ¢-cell leave for the other cell in finite time [7]. To obtain the dynamical system, we have the
following Gauss decompositions of two types equivalent to (1.5):

Woo ()™ Wo(t) = 0", (1.6)
where Wao (1) € N No~'No and Wy () € B and
Woo (1) ' Wo(t) = e'Fo ™!, (1.7)

where Woo(7) € N and Wy(7) € B N o Bo~!. From the topological point of view, the decomposition of (1.6) relates
to a cell decomposition of the ¢-cell of the flag variety such as

NB/B = Uses, Yo, (1.8)

where Y, is an open dense set of (NNo~'No)B /B. On the other hand the decomposition of (1.7) relates to the
decomposition

NB = U,cs, Y., (1.9)

where Y/ is an open dense set of N(B N o Bo~!). We give precise definitions of ¥, and Y/, in Sections 2 and 4.

In Sections 3 and 4, we consider Z(t) = VT/OO (1)L WOO (1)~!, where Woo () satisfies (1.7). We see that Z(t) satisfies
the ordinary Lax equation L) =[L ®+, L(1)] and L(7) has the form A + b. If L(¢) is a Jacobi element we call L(7)
a Lax operator of the Toda lattice. We grasp that the full Kostant—Toda lattice is the Hamiltonian system on the affine
coordinate ring of Hessenberg matrices. We describe the full Kostant-Toda lattice in sheaf theoretical language from
the point of view of the Hamiltonian formalism. We apply our formulation to solve the following problem.

Problem. “Characterize the constant L of the form A +b for which L () = Wao(t)L Wao (1) ™!, where W () satisfies
the decomposition (1.7), becomes the Lax operator of the Toda lattice.”

It is clear that L(z) is the Lax operator of the full Kostant-Toda lattice for any L of the form A + b. The problem
is finding the conditions for L so that L(¢) is a Jacobi element. In the case of o = id, it is enough for L to be a Jacobi
element, from the following proposition.
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Proposition 1.1. Let L € A + b be a Jacobi element. Then L(1) = Weo(t) LWoo (t)~! satisfies the Lax equation
(1.2), L(¢) is a Jacobi element and L(0) = L, where W (t) € N and Wy(t) € B satisfies the Gauss decomposition
Woo (1) "' Wo(r) = e'L.

This is straightforward from Th.2.4 of [13]. However in the case of ¢ # id, we cannot apply the method of
Kostant. The set of n x n complex Hessenberg matrices has foliation where each leaf, §,,, is the iso-level set of
the full Kostant—Toda lattice which is defined in Section 4 precisely. Then the sheaf theoretical language is useful
for restricting the results of the above problem to each of them. In the argument of Section 4, we see that the wave
operator of the full Kostant-Toda flow which starts from a point of the small cell of the flag variety has a pole at
t = tg. Since the flow on the small cell meets the grand cell at t = 7y, this singularity occurs. Note that the singularity
of the Toda flows which start from points of the ¢-cell have singularities when they meet small cells [7]. In [9], we
consider the cell preserving flows which do not meet other cells. In [16], the singularities of the full Kostant-Toda
flow with respect to k-chop integrals are considered. The singularities are classified as type I and type II. As regards
to our work, the singularities in this paper would relate to singularities of O-chop flow of type II. However we do not
assume the coincidence of eigenvalues of the initial point. Thus the relation between our singularities and those of
type Il is unclear.

2. The Gauss decomposition corresponding to the Bruhat decomposition of G/B and the associated full
Kostant-Toda lattice

Put X, = NoB/B and X4 = NB/B in (1.4), where we identify o with Y7, Ey);. The ordinary
Gauss decomposition of the full Kostant—Toda lattice means that ¢’X belongs to the ¢-cell. However the Bruhat
decompositions for other cells differ from the Gauss decomposition. In this section we use the isomorphism of varieties
of cells of the Bruhat decomposition ([1], p. 193, Th.(a)) for the decomposition of X4. This decomposition gives the
Lax type equations (which differ from the ordinary Lax equation subtly) and parameterization by S,,. For o € S, we
define the homeomorphism m, : G — G by m, (g) = 0 ~'g. Then we see that

NoB Zmy(NoB) = O'_I(NO'B) = (0_1]\_/0)3.

We move the cell No B by m, and consider a subset of NB/B suchas (NBNo~'NoB)/B. We will show that Xy
is decomposed into cells associated with (NB N o~ No B)/B.

Proposition 2.1. It holds that
NBNo 'NoB = (N ﬂO'_INU)B.

Proof. The inclusion (NNo~!No)B C ISJBHG’INUB is clear. We show the converse. Suppose x € NBNo ~'No B.
Putx = o 'nob =n'b/, where n,n’ € N and b, b’ € B.

Lemma 2.2. It holds that
o 'No C (N ﬂcr*]]\_/a)B,
foranyo € S,
Proof. Suppose a = Zl'-szl a;jE;j € N; of course ajj =landa; j = 0fori < j. We see that
n
o lao = Zl ai,ngfl(i)’gfl(j).
ij=

Suppose k > £ and ol (k) <ol ().Puth = 1 —ay ¢Ex ¢. Then we see that b € N ando~'bo € N C B. Moreover
the k, £ component of ab is 0. More generally we have the following lemma.

Lemma 2.3. For a € N, there exist by, ..., b, € N, such that the i, j components of aby ---b, where i > j and
oW i)y<o Yj)areOand c'bjo e NC B,i=1,...,r.
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Proof. Let £g be the minimal number in {1,...,n} where there exists k € {1,...,n} such that k > ¢ and
o (k) < o~ 1(¢). Let ko be the minimal number in {1, ..., n} satisfying k > £y and 6" (k) < o~ (£p). Put
b(ko, Lo) = 1 — aky,e0Ekgeo € N. As we saw above, we see that the kg, £o component of ab(kg, £p) is 0 and
o b(ko, Ly)o € N C B.Puta'V = ab(kg, £o). Let ki be the minimal number next to ko satisfying k > £ and
U’l(k) < o’l(ﬁo). Put b(ky, y) =1 — a,ﬁi?zoEkl,go € N. Then we see that the k1, £ component of a(l)b(kl, £p) is
0 and a’lb(kl, £p)o € N C B. Moreover we see that the right multiplication of b(k1, £o) is the addition of the k;-th

column of ¢V multiplied by —a,ﬁ}?zo to the £o-th column of a®. Since k| > ko, the ko-th component of the ki-th

column of @V is 0. Then we see that the kg, £ component of aWb(ky, £o) is still 0. We repeat these manipulations
until the numbers such as k > £y and o~} (k) < o~1(£y) are exhausted. Let aV) be the resulting matrix of these
manipulations. Let £1 be the minimal number next to £ such that there exist k € {1,...,n} such that k > ¢ and
o~ k) < o1 (). We also proceed with the same manipulation as before to the £1-th column of a". Since £; > £,
the manipulation for the £;-th column has no influence on the £p-th column. Then we obtain by, ..., b, € N of this
lemma. [

For a € N, there exist by, ..., b, e_[\_/ of Lemma 2.3. Then we see that 0 ~'ab; ---b,o € N. Indeed put
@ = aby---by. Then we see that @ € N and o~ ldo = Zk,i it Eq-1),.0-1(0)- We have ake =06 k > ¢

and o ~!(k) < 0~ (¢) from Lemma 2.3. Then we have 0 ~'d@o € N. Then we see that 0 "'do € N No~!No. Since

a =Zzb1_1 -~-br’1,wehave
-1 e —1z—-1 —1,—-1 N, —1 57
o ac =0 ao(c” b 0)--- (067 b, 0)e(NNo "No)B.

Since x = 0~ nob = n'b and 0 "'no = le}, where 7 € N N 0_1]\_10_ and b € B, by the uniqueness of the Gauss
decomposition, we have 12’ = n and b = bb. Then we have x € (N N o ~!No)B. This completes the proof of
Lemma 2.2 and we have NB No~'No B C (N No~'No)B. This completes the proof of Proposition 2.1. [

Put 7, = {[nb] € ]\_/B/B|n,-,j =0,i >, o~ 1(i) < o~1(})}. Then we see that X 4 is homeomorphic to =72,
We define the subsets of the ¢-cell N B/ B associated witho € S, by Y5 = n5 —U;~ ;. Then we see that Y, = {0},
where oy is the longest element in S, with respect to Bruhat order.

Proposition 2.4. There exists a cell decomposition of N B/B such as

NB/B = Uycs, Yo .1
Then each cell satisfies

Yo =Urso Yo,

where Y is the closure in 7w, with respect to the relative topology of 7y induced from N B/ B and > means the Bruhat
order.

Proof. First, we show that the union of (2.1) is indeed disjoint. Assume that we have neither o < 7 nor o > 7. We
see that 7, Nty C (U 1) N(Usp ). Since Yo =15 —Uso mand Yy =y —U,o; 1, we have Y, N Y, = ¢. If

o > 1, we can show Y, N Y; = ¢ similarly. We see that )_’(,0 = Y,,. We assume that the statement of the proposition
is true for T > o. Then we have
Ya =7, =Y U(mg —Ys) = Yo UUrso e = Yo UUrog ?‘[ =Y UUrsog U Y =U>e Yp. O

Y, is an open dense subset of (N N o~ No) B/B with respect to the relative topology. Suppose ¢/’ € No B/B.
Then we have the Bruhat decomposition

Woo(t) Lo Wo (1) = 't (2.2)

where Woo(f) € N and Wy(r) € B and L € A + b is the constant matrix. We can imply the Gauss decomposition of
(2.1) as follows. From the proof of Lemma 2.3, we see that there exists n(¢#) € N such that

6 "We®) 'n(t)o e N and o 'n(t)o € N C B.
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Put Wao (1) = n(t) "' Wao (t). Then we have Wao (1) € N No No~'. We have
0 'Woo)o) o 'n@) o) Wo ()} =0~ le't (2.3)
from (2.2). Note that o ! Woo o € NNo~INo and o ~'n(t)o Wy(t) € B. We rewrite the decomposition (2.3) as

Woo (1) " Wo(t) = o et (2.4)
where Weo (f) € 0~ 'No NN and Wy(r) € B. Put L(1) = Weo (£) L Weo (£) L. We obtain

L(t) = [~(Wos ()0 Lo Woo () ™D, L(1)] (2.5)
from (2.4). Since the right hand side of (1.5) leaves the o-cell for the ¢-cell at t = 0, W, () of (2.4) has a pole at
t=01[9].

3. The Toda lattice as the Hamiltonian system on the coordinate ring of Hessenberg matrices

Let V be the affine space of the n x n Hessenberg matrices

V:{A—l— Z LiE;j|lLijeCy.

I<j<izn

Let O be a sheaf of the commutative algebra on V and Z be a sheaf of the ideal of O. The sheaf of the quotient algebra
O/T is the sheaf associated with the presheaf whose section on U is I'(U, O)/I'(U, T) for any open set U of V. Let
C? be the sheaf of the analytic functions on V. We define the subsheaf C of C” on V as follows. Let U be an open set
of V. The section I'(U, C) is the commutative algebra generated by the coordinate functions Ei,j W),1<j<ic<n,
where £; j(U)(L) = L; j for L € U. As long as we do not need manifestation, we abbreviate £; ;(U) as £; j and
U is an arbitrary open set of V. We now define the sheaf of the formal power series O[[¢]] whose section on U is
T'(U, O[[t]) = L' (U, O)[[t]]. We define the subsheaf of A + C ® b, Lax, such that

PU.Lax)= {4+ Y Lij®Ei¢. 3.1)

1<j<i<n

We have the following decomposition of C:

I'(U,C)=TU, Ao U,CYy, (3.2)

where A is the sheaf of the subalgebra of C which is isomorphic to the sheaf of the affine algebra of N and CV is the
sheaf of the subalgebra of C of invariants with respect to the adjoint action of N. The sheaf CV is the sheaf associated
with the presheaf U — I'(U, C)N for any open set U of V. This decomposition is valid for any complex semi-simple
Lie algebra [12]. There exist Weo € I'(U, A) ® N and xo0 € I'(U,CN) ® Mat(n, C) uniquely given in a form such as

n -
X0=A+Z§0i®Ei,1, @1, o0 € (U, CY)
iz

and £ = Weo )(0)/\/0’01 for any £ € I'(U, Lax). There exists a structure of the Poisson algebra of Kostant and Kirillov
in I'(U, C) defined by

{Lij, L} =08xLie—80iLk,;. (3.3)
We define the vector field X on I'(U, C) by

Xf= {%trﬁz, f} , for f e I'(U,C). (3.4)

We see that
XL =[Ly, L) (3.5)
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Let us construct the sheaf of solutions of the full Kostant-Toda lattice as a subsheaf of A + C[[¢]] ® b. For
L) € A+ T'(U,C)[[t]] ® b, we define the tangent vector X (¢) € Teoy I (U, OI[t1] by

1
X(t) = {Etrﬁ(t)z, *} )
X (¢t) transforms the sections of I'(U, C)[[¢]] to the sections of I'(U, C)[[¢]].

Lemma 3.2. There exists a unique solution of the Hamiltonian equation

dL(t)
dr
as a section of A+ I'(U, C)[[t]] ® b.

=X@)L({) (3.6)

Proof. Put
L@t)y=L+tBY+2BD ...
where B®) € I'(U, C) ® Mat(n, C). Then we can determine B € I'(U,C) ® b,i = 1,2, ..., uniquely. [
We define the sheaf Sol by
I'(U,Sol) = {L(@)|L(t) € A+ ['(U, C)[[t]] ® b satisfies (3.6)}.

Let £(t) = (L;,j(t))1<j<i<n be the section of I'(U, Sol). We will show that the Hamiltonian flow of X'(¢) preserves
the Poisson bracket.

Lemma 3.3. It holds that
{Lij (1), L e®)} =8k Lio(t) — 8¢,i Ly, j (1). 3.7

Proof. In the same way as in the proof of Lemma 3.2, there exists a unique solution of

df ()
== XOf @)

in I'(U, O)[[t]]. Put F(¢) = {L; j(t), Lx,e(®)} and G(t) = 6 1 L; ¢(t) — 8¢,i Ly, j(t). We have

d _ dﬁ,',j(t) . dLy e()
EF(I) = {T,Ek,e(l‘)}-i-{ﬁz,](l), s

= X(O{Li,j @), L)} = X(OF(1).

} ={XOLi j (1), Lke@®)) +{Lij @), X)Lk (1)}

On the other hand it is clear that
d
—G(t) =X(@)G(1).
@ (?) )G()
Since F(0) = G(0), we have F(r) = G(¢) by the uniqueness of the solution. O

We have the following proposition from (3.5) and Lemma 3.3.

Proposition 3.4. The Hamiltonian equation (3.6) induces the Lax equation

dL(t)
dr
Let us show the fact that the Hamiltonian vector field X (¢) is tangential to the submanifold of Jacobi elements in
sheaf theoretical language. This is a preparation for the proof of the main theorem. Let Z be the sheaf of the ideal of
C where I'(U, Z) is generated by £; ; with i — j > 2. By definition of the Poisson bracket, it is easy to see that 7 is
also an ideal with respect to the Poisson bracket, that is,

=[L()4, LO)]. (3.8)

{C.I} C 1.
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From this fact there exists a structure of Poisson algebra in the sheaf of the quotient algebra C/Z. Let p : C — C/Z
be the canonical morphism of sheaves. Note that p is also a morphism with respect to the Poisson bracket.

Remark. Let N3 be the subgroup of N defined by
={W = (w;,;) € Nlw;j =0for1 <i—j <2}

There exists a Hamiltonian action of N3 on V(AdN3). Let us consider the Hamiltonian reduction [14] v/ N3. Let
7 : V. — V/N3 be a canonical projection. We can define the sheaf of the affine coordinate ring of V/N3. We denote
it by C’. There exists an isomorphism of sheaves on V between C/Z and 7 ~!C’.

For P = (P; ;) € I'(U, C) ® Mat(n, C), we use the notation p(P) = (o(P; ;)). Strictly speaking, we should use
the notation p (U). However we abbreviate p(U) as p as long as there is no confusion. Since the sections of 1'(U, Sol)
are expanded with respect to ¢ into a form such as

L) = L©O) + 1B +12BD + ...
where £(0) = £ € I'(U, Lax) and BY) € I'(U,C) ® b, j = 1,2, ..., we can extend p as
p(L®D) = pL) +1p(BY) +12p(B2) +---.
Propeosition 3.5. Suppose L(t) = (L; ;(t)) € I'(U, Sol). It holds that
p(Li (1) =0, (3.9)
fori—j=>2
Proof. Put
L) =L+tBY +28? +
Thus we see that

50 1 d*L(@r)

= — . 3.10
k! drk =0 ( )
We show the following lemma.
Lemma 3.6. The derivatives 4 dﬁk(') ,k=1,2,..., are linear sums of terms such as
UL @)+, U@+, [ .. U (), LO]. . 11, 3.1

where 1 < u < kand II;(t) € I'(U, C)[[t]] ® Mat(n, C).
Proof. We show this lemma by 1nduct10n on k. When £ is 1, this lemma is straightforward from (3.8). Suppose & L (t )

L@ -
d,k+1

is a linear sum of terms of (3.11). Thus ¢ is a linear sum of terms:

d dIi
a[ﬂl(t)+a UL, [ UL ()4, LO].. )] = [(%) L)+ [ (D)4, L(1)] ---]]]
+

dif
+ ot [m )+, [Hz(m, [ - [(d—"tm) ,E(t)} m
+

+ UL O+, U@+, [, [T (@), [L(O+, LO] .. 1.
This completes the proof of Lemma 3.6. [

We see that B% is a linear combination of terms such as

U1 0) 4, [TLO)4, [...., [T (0)4, £]...]1] (3.12)
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from Lemma 3.6 and (3.10). We will show that the ij components of B*) belong to I'(U,T) ® bif i — j > 2 by
induction. Let I} be a matrix of I'(U, C) ® Mat(n, C). Thus the ij component of [I];, £] is the i j component of

[Uur, > Ek,[Ek,£:| -
k—0>2
Then we have ([1I1 4, L£]); j € I'(U,I)if i — j > 2. Suppose
(M, ULy, [ Uy L] 01Dy € I'(UL DD,
fori — j > 2. We see that
(Mo Uy Lo Uy g, L1122 00Di,
= ([m, Y Uby L gy, L] .]J)k,zEk,eD : (3.13)
k—t>i—j i
Sincei — j > 2, we have k — £ > 2. We see that
(UL [ M L] ADke € I'(UL )

from the assumption of the induction. Then we see that the left hand side of (3.13) is an element of I'(U, Z). From
this fact we see that

o0
Lijt)y=Lij+ Zthi(,kj)
k=1
belongs to I'(U, I)[[¢t]]if i — j > 2. Then we have p(L; j(1)) =0fori —j>2. O

Proposition 3.7. Let L(t) be a section of the solution of I'(U, Sol). Then p(L(t)) satisfies the Lax equation

dp(L(1))
dt

Furthermore (3.14) is the Hamiltonian equation for %tr,o (L@)? on I'(U, C/D[t].

= [p(L®)+, p(LD)]. (3.14)

Proof. By the definition of p, we see that
dp(L@) _ ) (dﬁ(t)>

dr dr

Since p is an algebraic homomorphism, we have

dp(L@) _ (L)
a4

) = p([L(D+, LOD) = [p(LD)+, p(L1)].

On the other hand since p is also a morphism of a sheaf of the Poisson algebra, we have

dp(L(1)) (dﬁ(t)
a P \a

) =p ({%trf?(t), ﬁ(r)}) = {%trp(ﬁ(t))z, pw(t))}. O

Note that p(L(t)) is a Jacobi element from Proposition 3.5 Then (3.14) is the Lax equation of the Toda lattice (not
the full Kostant-Toda lattice).

4. Wave operators and 7 functions

In this section we consider the Gauss decomposition (1.7)

Woo 1)~ ' Wo (1) = e'Lo !, 4.1)
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where Woo(t) € N and Wo(r) € B N oBo~'. Let us show that the decomposition (4.1) is equivalent to the
decompositior_l Woo(t)’lcho(t) = ¢l In ~the same way as in Section 2, there exists b(tf) € N such that
ob(t)o~! € N and ab(t)Wo(t)o~! € B. Put Wo(t) = b(t) Wy(t). Since Woo (1) ~'o Wy (1) = e'L, we have

(Woo ) Lob@) Lo ™Yo Wo(t)o ") = e'lo.

Since qb(t)a’1 eN and Woo (1) € N, we have Wgo(t) € N, where Woo (1) = 0b(t)o ' Was(2). On the other hand,
since Wo(t) € B and 0 Wo(t)o~! € B, we have 0 Wo(1)o~! € BN o Bo~!. Let us show the converse. Suppose that
we have the decomposition (4.1). We have

Woo (1o (0™ Wo(r)o) = e'L.

Since Wo(r) € BN aB_o’l, we recover the decomposition of the o -cell No B/B. This decomposition relates to a
cell decomposition of NB such as NB = U,cgs, Y., where Y/ is an open dense subset of 7, = N(B NoBo~})
defined by Y, = n) — Uz 7. Put L(t) = Woo(t)LWao(#)~). In this case we obtain the ordinary Lax equation

L(t) = [i(t)+, L(1)] from (4.1) in comparison with (2.5). Let us consider the problem mentioned in the introduction.
As we said in the introduction, L(7) is a Jacobi element if L is a Jacobi element in the case of o = id [13]. The key
point of this proof is e~ € G, a centralizer of L. However in the case of 0 # id, e'*o~! & G in general. Let U be
an open subset of V. The degree 6 in I'(U, C) is defined by

;
0L o L7) = Y mulin = ju + 1.
pn=l

We call this grading the xo-grading of Kazhdan ([12], p. 111). Let C,, be the sheaf of a homogeneous space of degree
w such that I'(U,C,) = {f € I'(U,C)|0(f) = pn}. We regard Cp = C as a constant sheaf on V. We define the
completion C of C by

00
ruw,o = aﬂfu|aM€C,fM€F(U,CM)}.
n=0

For X = Y, aufu € I'(U, C)and Y = Y, bugu € I'(U,C), where ay,. b, € Cand f,.g, € I'U,Cy), the
product XY € I'(U, C) is defined by

o0
=3 Y b
£=0 ptv=¢
Then C becomes the sheaf of the commutative algebra on V. We define exp £, a subsheaf of C, as follows.
Lemma 4.1. Put ¢(L) = e~ = (D, (L) 1<i,j<n for L € I'(U, Lax). Then &; ;j(L) is a section of I'(U, 9}
Proof. (L) is formally expressed by @(L) = ZZO:O LF/u!. Put LM = (Egﬁ))i, ;- Then we see that
0L =i—j+u. (*)
We show this fact by induction. When p = 1, we have

Lij i=]
ch={1 j=i+1
0 j>i+1.

Then we have 9(55’1}) =1 — j+ 1, where we take a = 0 if 8(a) < 0. We assume (x) is correct at u. Since
Ly 1 0. o) e
E/H—l — . . .

[fn,l cee oo En,n Eizul) e E,(fflz
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we have

i
+1 _ o) ()
(cH )i,j —k lﬁl’kﬁk’j +£i+l,j'

We have

OLirll)=i—k+1+k—j+p=i—j+@u+1)

and Q(EI(’J?L j) =i4+1—j+u=i—j+ (u+1) from the assumption of the induction. Then we show that (x) is
correct. Since &; (L) =Y 7, %El(‘j) and (%), we have &; ;(£) € I'(U,C). O

Definition. For any fixed finite value 79 € C, exp(#9L) is a subsheaf of C on V such as

I'(U, exp(to£)) = algebra generated by &; ;(t0L), 1<1i,j<n.

Remark. We fix 79 € C in the Definition. Then 9; ;(toL) is not a section of I'(U, C)[[¢]] but a section of I'(U, C_).
The proof of the fact that &; ;(19L) € I'(U, C) is the same as the proof of Lemma 4.1.

Let O be a sheaf of the commutative algebra on V. Let Q(O) be the sheaf of the quotient field of O. We denote
Q(O[[t1D by O((1)). Put &(t) = (&; (1)), = e'£. Then we see that @ ;1) e I'(U,O)[t]] and &; ;(to) € I'(U, 9)
for any finite value #y. Let C® be the sheaf of the analytic function on V. Since e’" converges for any 7, exp(toL) is
the sheaf of the subalgebra of C“. Let F be a certain sheaf on V. Let us consider the Gauss decomposition

Waso 1) "Wy (t) = et~ L 51, (4.2)

where Wao(t) € T'(U, F) ® N and Wy(t) € I'(U, F) ® B N o Bo~!. We will determine F. Note that Wa,(7) has
a pole at t = 1y in (4.2). To consider Wy (0), we move the pole from t = 0 to t+ = f9. We define the weight on
I'(U, O)[[t — tp]] as follows. Suppose (t — 19)"g € I'(U, C)[[t — tp]] and g is a homogeneous element for . Then we
define weight((t — 19)"g) = 0(g) — n. Put &(r) = e~ 10L = (9;,j(1))i, j. We have the following lemma.

Lemma 4.2. It holds that
weight(P; j(t)) =i — j.

. i) . . .
Proof. Slnce @i (1) = ZZO:O %Lf’j) and weight((t — to)ﬂﬁffj.)) =i—j4+u—p =i— j, we have the
conclusion. O

We have the following lemma.

Lemma 4.3. Suppose f(t) = ZZO:O futh € I'(U, C)[[t]] satisfies a condition such that weight( f,.t") is constant on
u. Then f(tg) is an element of I'(U, C_) for any finite value t.

Proof. Let M be the constant of this proposition. Since 6( f,,) = M+, we have fﬂt(’; € Cpr+p- This means f(f) € C
for any finite value rp. O

Put W(1) = (i, (1));,j = "0

Lemma 4.4. It holds that
Y@ .. Y1) o
g _JU-D

5 —{o ')+ oG- D)

weight | |1 :
Vi1, .. Yi1-1(8)
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Proof. We see that

Yia@® ... Y- Py o1 y@) o Dy i (D)
Yimia@®) .. Yi—1j—1(0) Pi o1y oo Pisio-1(—n(®
= Z Sgnf@l’fg—l(l)(t)"' Qij_l’ro.—l(j_l)(t),
€S
where we regard T € S;_| as a permutation of {0’_1(1),...,(7_1(j — 1)}. From Lemma 4.2 it holds that
weight(@i’wq(,-)(t)) =i-— ra‘l(i); then we have
. _jG =1 5 L
Welght(@l’ro,—l(l)(t)"‘ éj—l,ra'fl(j—l)(t)) = T _{TG (1)++TU (J — 1)}
i1
= % —fo7' M+ +07'G-D) O
We have
Wao(t)e!"0E=1 =0, (4.3)
from (4.2). Put Wy (¢) = (w°° (¢))i,j- Then we have
Y@ .o Y1)
WS @), wi (1) : : =—Wj1(0), ... Y1) (4.4)

Vi) ... Yjo1j—1(0)
We have w %) = —1k(0)/7j(1) from (4.4), where

Vi@ .. Y1 i—1(0)

Vi Yo Yeri®) oo Va1 jo10)

Ti(t) = : : and T(0) = | Y1) ... Y1)
Vi1t ... Wjo1j-1(D) Vir11(0) oo Ui j-1(0)
Wj—l.,l(f) wj—l,.j—l(f)

Then we see that Wao(t) € I'(U, C)((t — 1p)) ® N. We see that W0 (0) € I'(U, Q((_f)) ® N from Lemmas 4.3 and
4.4. Moreover we see that Wx,(0) € I'(U, Q(exp(—1L£))) ® N C I'(U, Q(C®)) ® N. On the other hand from

Wolt) = Weo(1)e" 0551
we have
Wo(1) € I'(U,C)((t — 10)) ® (BNoBa ™)
and
Wo(0) € I'(U, Qexp(—t0L))) ® (BNoBo ™) c I'(U, Q(C*))  (BNoBo ™).

L can be decomposed into a form such as £_ = W XOWJO], where Wy, € I'(U,C) ® N and the components of the
first column of x are generators of I'(U, C Ny, Note that Wao # Weoo(0). We have

Weo () " Wo (1) = el T0x0y 151 (4.5)

from (4.2), where Wao (1) = Wao(t)Waeo. Put L(1) = Woo(t)XQW 1(t). We see that £(¢) has the form A + b. Put
(L, i = L(O) Let C be the sheaf on V whose section on U is the algebra generated by El Hl<j<i<n
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Since~ﬁ = WOO(O)XOVVOO(O)_I, we see that ¢1, ..., ¢, € I'(U, (,;N) and WOO(O) e I'(U, (f) ® N. From (4.5), we see
that £(¢) satisfies the Lax equation

£(0) = [£(t)4. L)), 4.6)
Then we see that £(7) € A+ I'(U, O)[[t]] ® b and W (1) € rw, O)[[t]1® N from the results of Section 3. Let Z be
the sheaf of the ideal of C whose sections on U are generated by Li ,j»i — J = 2. We consider the quotient sheaf ¢ /I
on V. Let p be the canonical projection from C to C/I We can define the sheaves Lax Sol, I Clltl, C((1)), CM, 4
and exp L from C as we did in Section 3 and this section. We extend p to C C [z]1], Q(C) and C ((2)) as follows.

(1) For f = ZM:O fu € rw,o0, we define p(f) = ZM:O o (fw), where f,, € I'(U, C,L). i
(2) For g(1) = Y00 ogut" € I'(U, O)[[1]1. we define 5(g(t)) = Y oo A(gu)t", where g, € I'(U, C).
(3) For f/g € T(U, Q(C)), we define 5(f/g) = p(f)/p(g). where f, g € I'(U, 0).

(4) For f(1)/g(t) € I'(U, C)((1)), we define p(f(0)/8®) = p(f(1))/p(g(1)), where f (1), g(r) € I'(U, Ol

We want to apply p to both sides of (4.5). Since Wao(t) € I'(U, C)((t —10))®N and xo € I'(U, CN) ® Mat(n, C)
we can apply o to Woo(t) and xo. But Wy(¢) belongs to I'(U, C)((t — t9)) @ (B N oBo~1) and W4 belongs to
I'(U,C)® N. Then we see that we cannot apply p to Wy(#) and Wy, at a glance. Fortunately we obtain the following
proposition.

Proposition 4.5. There exists a morphism from C to Q(é ). Then the morphism p can be applied to both sides of (4.5).
oWo (1)) and p(Wo) are well defined.

Proof. By the definition of Wao (1), we have

L =Waso(0)LWeo (0) L. 4.7

We have [Ii,j e I'(U, Q(exp(—1L))) ®c I'(U,C) from (4.7). Since exp L is a subsheaf of C”, we see that
Q(exp(—tpL)) is a subsheaf of Q(C?). Note that Q(C®) is the sheaf of the meromorphic functions on V. From
(4.7) we obtain the relation £; ; = y; ;(U)(L) € I'(U, Q(C)), 1 < j < i < n. This y(U) defines the morphism p
from C to Q(C) as follows. For any open set U of V, u(U) is defined by
@) f(Lra, Lio...) = FOr1UNL), n2U)(L), ...)

for any f € F(U,C~). For L € V,put L; ; = £; ;(L) and I:l-,j = ﬁi’j(L). Let U be an open set of V and L be a
point of U. Then y (U) is a meromorphic map on U. Since £~,-,j = ¥,,;(U)(L), we have Zi,j(L) =y, ;WU)L)(L)
for L € U. Then we have I:,-, i = v¥i,j(U)(L). Let L be a generic point of V and U(L) be the neighbourhood

of L contained by U sufficiently small that y (U)|y) = y(U(L)) is an onto holomorphic map from U (L) to
y(U(L))(U(L)). By the theorem of the inverse function, we see that L; ; can be expressed in terms of the analytic

function of I:k,@,_l < ¢ < k < n. This means that there exists a morphism from C to Q(é). In other words,
Lij € T'(U, Q(C)). Since Wo(t) € I'(U,C)((t — 19)) ® (BN oBo~!) and Ws € I'(U,C) ® N, we have
Wolt) € T'(U, QC)((t — 10)) ® (BN oBo~Y) and Wa € I'(U, Q(C)) ® N. We can apply 5 to Wo(t) and
Wao by (D)—(4). O

Proposition 4.6. Let
Wao )W (1) = el 0x0p o~

be the Gauss decomposition of (4.5) and p be the morphism defined above. Then (4.5) implies the Gauss
decomposition

PWso (1)) 5(Wo(1)) = e 70700 5 ) ~lo =L (4.8)

Furthermore (4.8) gives a section of the solution of the Toda lattice p(Wao(1))p(x0)p(Wao(£))™) of the Jacobi
element.
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Proof. We see that 5(Weo (1)) 5 (x0)p Wao (1)) ™! = p(L(1)). We see that 5(L£(7)) is a Lax operator of the Toda lattice
from Proposition 3.7 of Section 3. O

Let us realize the Toda lattice associated with the small cell as orbits on the iso-level set of the full Kostant—Toda
lattice. Put m = (my, ..., m,) € C". We define the algebraic variety S,, by S, == {L € V|g;(L) = m;, i =
1,...,n}. We call §,, the iso-level set of the full Kostant—Toda lattice of level m. The iso-level set S, has the cell
decomposition associated with S,,. For o € Sp,, put

Smo ={L € Sple ™o~ e N(BNoBo™1)}.
Then we have
Spm = UseS, Sm,a'

For f(ﬁ) e I'(U, Q(é)) we see that ﬁ(f(ﬁ)) = f(ﬁ(/j)) by definition. Suppose f € I'(U, Q(é)) is a meromorphic
function on V. Then f (L) is an analytic function of L in the neighbourhood of Lo € U, a generic point of V. Suppose
L € V is a Jacobi element; then we see that p(ﬁ) (L) = L. Then we have p(f(ﬁ))(L) f(E)(L) Both sides of (4.5)
and £(1) = Wwo (I)XOWoo (+)~! are matrix valued analytic functions on V. Put L(t) = L)L), Weo () = Wao () (L),
Wo(t) = Wo(t)(L) and Weo = Wao(L). If L is a Jacobi element, we have

5(E(t))(L)~= L), pWVeo)(L) = }/Voo(t)v
pPWo()(L) = Wo(r) and  p(Weo)(L) = Weo

Moreover since ﬁ(p[(ﬁ) = @(,5(5)), i =1,...,n, we have ,5()(0)@) = X0(£)~ Since Wao(0) € I'(U,C) @ N, we

see that Wao (0) € I'(U, Q(C)) ® N. Then we can define Wao (0) = Wao (0)(L) and Wee (0) = 5 (Wao (0)(L) if L is
a Jacobi element. Then we have the following theorem.

'I:heorem 4.7.~Suppose L = WOO(O)_ILWOO(O) € Su.o and L is a Jacobi element. Then I:(t) is equal to
Woo () x0(m) Woo (1) ™", where

n
Xo(m) = A+ "miEiy,

and Woo (t) and Wy(t) satisfy the Gauss decomposition

Woo(t)_l Wo(t) = el 0xotmyy—l5=1 (4.9)

[L(t)+, L(t)] and L(t) is a Jacobi element in the neighbourhood of
t=0.

The inverse of Theorem 4.7 holds.

Corollary 4.8. Suppose L = Woo(0) ' LWso(0) € Sy and L is a Jacobi element. If Uxo(t) € N and Uy(t) € B
satisfies the Gauss decomposition

Uoo (1) ' Up(1) = e 7000y 151, (4.10)
then M(t) = Uso (1) xo(m)Uso ()Y is a Lax operator of the Toda lattice and Uy(t) € BN o Bo~!

Proof. Note that if L is given, then W ! possesses the L data in the decomposition (4.10). By the uniqueness of the
Gauss decomposition, Uso(#) and Uy(#) coincide with Weo(7) and Wy (7) of Theorem 4.7 respectively. Theorem 4.7
guarantees that M(r) = Wy (1) xo(m)Wao()~! is a Lax operator of the Toda lattice and Up(r) = Wy(t) €
BNoBo~!. O

Let us apply Corollary 4.8 to the case of o = id. In this case the original Gauss decomposition is Wao (£) ™! Wy (1) =
e—10)L  Since W4 (¢) does not have a pole at ¢ = ty in general, we may put fg = 0 and we can consider Wy (0).
In this case we have W4, (0) = 1, by the uniqueness of the decomposition. If L = W, (0)L W (0)~! satisfies the
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condition of Corollary 4.8, this means that L € S, 4 and L is a Jacobi element. But in the case of 0 = id , we see that
L = L. This is nothing but the condition of Proposition 1.1. Consider the Gauss decomposition

Woo (1) "' Wo (1) = e 0wt (4.11)
But we have

W3 Woo ()™ Wo 1) = X0 W]
Woo (1) "' Wo (1) = €L

This is also nothing but a condition of Proposition 1.1. We see that I:(t) = Woo (1) Xo(m)Woo (1)"!is a Lax operator
of the Toda lattice from Corollary 4.8. But we have

L(t) = Woo (t) Woo o (m) W Woo (1) ™! = W (1) L Woo (1) ™!

and L(0) = L; these are nothing but the conclusions of Proposition 1.1.
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Appendix

In this case we consider G = GL(2, R). Let V be the set of 2 x 2 Hessenberg matrices whose eigenvalues are all
0, that is,

v={(de )

Put So(r) := {e'L|L € V}, that is,

1
wo- (2, %)

It is easy to see that Sp(¢) is homeomorphic to R for r # 0. Let So(t) be the compactification of Sy (7). We regard
So(7) as the circle of radius |t]. When t varies from 1 to 0, So(#) shrinks to one point 5’0(0) = {1,} along the cone (see
Fig. A.1).

For e'L@ e Sy(t), we consider the Gauss decomposition

aeR}.

aGR}.

Woo (1) ™ Wo(t) = '@,

where
(1 0 _(x® 0
Woo(t) = <w(t) 1) and Wy@t) = ( 0 )
We see that w(t) = l_fr?i When t = 1, we cannot perform Gauss decomposition for eX(—1 = (?1 ;) Let

P (—1) be the point of Sy(1) corresponding to e~ Then Sy(1) has a cell decomposition associated with the
Bruhat decomposition G/B = NB/B U No B/B, where o = (? é), such as

So(1) = (So(1) — Pr(—=D) U P (—1).
In the same way, So(7) has the decomposition

So(1) = (So(1) = P(=1)) U P (1),
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Fig. A.1.

where P;(—1) is the point of So(t) corresponding to (_? Jt ;) When ¢ varies from 1 to 0, P;(—1) moves along the

curve on the cone of Fig. A.1. This curve is the flow of the Toda lattice whose initial point belongs to the o -cell and
that preserves the o-cell. Let Q;(a) be the point of So(®) corresponding to e’ L@ where a # —1. Q¢ (a) moves along
the line on the cone. Suppose the curve of P;(—1) and the line of Q;(a) cross at P (att = tp). This shows us that the
Toda flow with initial point L(a) of the ¢-cell leaves the o-cell and has a pole at t = ¢p [7,9,10].
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